We give precise details to support that observations of gravitational lensing at scales of individual, groups and clusters of galaxies can be understood in terms of non-Newtonian gravitational interactions with a relativistic structure compatible with the Einstein Equivalence Principle. This result is derived on very general grounds without knowing the underlying structure of the gravitational field equations. As such, any developed gravitational theory built to deal with these astrophysical scales needs to reproduce the obtained results of this article.
I. INTRODUCTION
The first solid step towards a full development of a nonrelativistic theory of gravity was made by Newton in his PhilosophiaeNaturalis Principia Mathematica book [1] . The starting point of this non-relativistic theory of gravity began with the third law of planetary motion published by Kepler in his Harmonices Mundi book [2] . For the known 7 planets back then, this law represents a relation between the mass of the sun M , a planet's particular distance to the sun r and the velocity v of a planet about the sun: v ∝ (M/r) 1/2 , for circular orbits. The requirement of centripetal balance during the motion of planets yields:
where the proportionality factor G is Newton's gravitational constant and the minus sign appears because of the attractive nature of gravity. The acceleration a produced by the sun on a test planet is thus given by a force inversely proportional to its separation from it and linearly depends on the sun's mass. The right hand side of equation (1) is the simplest form of the mathematical force of gravity introduced by Newton. In recent years, through dynamical observations of galaxies [e.g 3, and references therein], dwarf spheroidal galaxies [cf. 4], globular clusters [5, 6] and even wide open binaries [7] , it has became clear that Kepler' s third law appears not to hold in its classical form on these systems, but rather requires a modification known as the Tully-Fisher law: where v represents the velocity (or dispersion velocity for a dynamically pressure supported astrophysical system) and M is the mass (could be internal mass within a radius r) of the system. Similarly to Newton's approach, the requirement of centripetal balance means that the acceleration a ∝ v 2 /r at a distance r from the configuration's centre and so
where the constant of proportionality has been written as G M and the minus sign has been introduced in order to manifest the attractive nature of the gravitational force. Equation (3) can be seen as a motivation to suspect that a new theory of gravity needs to be developed in these astrophysical systems, since its right hand side represents a relation between the acceleration felt by a test body of mass M at a distance r. In this sense, the proportionality constant G M can be seen as a new gravitational constant, with dimensions of squared length over squared time by the square root of mass. This means that, in the same way as G is regarded as a fundamental constant of nature, G M should aspire to the same privileged status. However, in order to gain merits in that direction, G M should play an essential role in the description of relativistic phenomena on its corresponding scales. Nonetheless, it should be noted that the construction of equations (1) and (3) are completely independent, since they both depend on different and unrelated data sets. As such, the constants G and G M can safely be postulated as independent. Given this independence, one is allowed to think of both as equally fundamental.
Requiring gravity to be described by equation (1) at some particular scales and behaving at some others according to relation (3) , means that the scale invariance of gravity is necessarily broken. One can postulate that at some astrophysical scales gravity is Newtonian and requires modification at some others. The scale is not just a "fixed" distance scale. From the experimental astronomical evidence mentioned above it follows that the modified regime of gravity appears when the ratio of the mass of a given astrophysical system divided by its characteristic radius is sufficiently small as compared to the corresponding solar system value, which suggests that the transition scale is dynamical rather a simple fixed length. A given test particle sufficiently far away from a mass distribution is thus in this modified regime of gravity.
The approach introduced above for the description of gravitational phenomena departing from standard Newtonian gravity can be connected with the simplest version of the Modified Newtonian Dynamics (MOND) formula by replacing the constant G M with a new constant a 0 introduced by Milgrom [8] with dimensions of acceleration through the relation:
and so equation (3) can be written as:
Since Milgrom's acceleration constant a 0 ≈ 1.2 × 10 −10 m s −2 [3] it follows that:
In this regard it is quite important to notice that the formulation of Milgrom [8] describes a modification on the dynamical sector of Newton's second law and not on the particular form of the gravitational force [cf. 9] . This is quite evident from the initial development of the theory, in which the requirement that the squared of the acceleration a 2 proportional to the Newtonian acceleration GM/r 2 implies flattening of rotation curves in spiral galaxies. In this relation, the proportionality constant a 0 with dimensions of acceleration, is required to be a fundamental quantity of nature. By doing so, the TullyFisher law is obtained as a consequence of the proposed modification of dynamics.
With the approach made here, it follows that the TullyFisher law forces the construction of a full gravitational theory in systems where Newtonian gravity does not work. In its simplest form, the developed theory must converge to equation (3) . As such, no need for modification of Newton's second law needs to be introduced, since only a non-scale invariant character for the gravitational law is directly inferred from the observational data.
In our view, the introduction of G M as a fundamental constant of gravity, rather than a 0 as a new fundamental acceleration scale, sheds light onto the strategy to follow to unveil the structure of the underlying theory. In fact, G M points towards a modification on the gravitational sector, whereas a 0 could point towards a break down or possible extensions of special relativity (due to the existence of a universal acceleration scale, similarly as with the speed of light), with potentially dramatic implications even in non-gravitational systems.
If Newtonian gravity breaks at a certain scale, one can legitimately wonder whether the relativistic structure of gravitational interactions remains valid or may require a full reformulation. To explore these aspects one should study not only the dynamics of slow massive particles (e.g. equation (3)) but also the motion of relativistic particles (such as photons) in astrophysical scenarios probing the gravitational field in this new regime. Being conservative, one may assume that Einstein's insights on the geometrical interpretation of gravity remain valid in this regime. As such, it is perfectly reasonable to assume that the Einstein Equivalence Principle remains valid, which implies that test particles satisfy the geodesic equation:
where Γ α βη are the Christoffel symbols and summation convention is used over repeated indices (Greek indices vary from 0 to 3 and Latin ones from 1 to 3). The coordinates x α = (ct, x, y, z) and the interval ds 2 = g µν dx µ dx ν for a metric tensor g µν and a velocity of light c. By knowing Tully-Fisher's modification of Kepler's third law (2) and the geodesic equation (7), then at second order perturbation, the bending of light is completely determined up to a constant [10] . This is due to the fact that to this order of approximation the motion of photons only depends on the non-relativistic gravitational potential and a parameter γ = const., which measures the proportionality between the leading (second) order corrections of the time and spatial metric components in isotropic coordinates.
We show in this article that experimental data from astronomical observations point us to show that only modifications of Kepler's third law are necessary in order to reproduce observations of gravitational lensing. In this article we postulate the Einstein Equivalence Principle to be valid and combine it with the non-relativistic gravitational potential associated to the modified Kepler's third law (Tully-Fisher law). This approach only assumes that gravitation is a geometric phenomenon and as such, we do not need to know the underlying set of relativistic field equations to find that the corresponding predictions for the bending of light are compatible with the observations of galaxies and groups of galaxies. This approach is parallel to the strategy followed to understand the relativistic behaviour of gravity in the solar system, where traditional Kepler's third law holds.
Additionally, we interpret the results by Hernandez, Jiménez, and Allen [7] on the failure of Kepler's third law for wide binary systems, as a way to test a key aspect of the mathematical structure of the underlying theory of gravity, namely whether or not external boundary conditions influence the internal dynamics of local grav-itational systems, which is sometimes referred to as an external field effect [3] . This effect means that for example, a gravitating system in the modified Keplerian regime embedded on an external standard Newtonian (or Keplerian) field, would behave in a Newtonian way. Hernandez, Jiménez, and Allen [7] studied orbits of wide binary stars ∼ 1M ⊙ separated by 7000 AU. These bound objects are embedded in our galaxy and are subject to its Newtonian gravity. As such, if an external field effect occurs, then these objects would orbit each other in a standard way, following Kepler (7), implying that the effects of external gravitational fields can be removed by a suitable choice of local coordinates (a freely falling frame). To the light of these results, the idea of an external field effect appears as an artificial construction (possibly related to the specific mathematical realisations of the theory).
The article is organised as follows. In section II we discuss the simplest properties that an extended theory of gravity must obey on systems where the Tully-Fisher law is valid. In section III we use gravitational lensing observations in individual, groups and clusters of galaxies combined with the Tully-Fisher law to obtain empirical relations for the metric coefficients of a spherically symmetric space-time at second perturbation order. Finally in section IV we summarise our main results and discuss them in lights of future theoretical developments in the search for a complete extended theory of gravity not requiring the use of dark matter in the description of astrophysical phenomena
II. BASIC PROPERTIES FOR A RELATIVISTIC EXTENSIONS OF THE TULLY-FISHER LAW
In order to seek for a complete set of fundamental observables of the underlying relativistic theory of gravity in the regime where Kepler's third law requires modification in the form of a Tully-Fisher law, let us analyse the behaviour of gravity in the weak field limit, having in mind the behaviour of massive particles and photons.
Consider a fixed point mass M at the centre of coordinates generating a gravitational field. The underlying space-time is thus static and its spherically symmetric metric line element ds can be written in spherical Schwarzschild coordinates as:
In the previous equation and in what follows the spacetime coordinates (x 0 , x 1 , x 2 , x 3 ) = (ct, r, θ, ϕ), where t represents time, r the radial coordinate and the polar and azimuthal angles are given by θ and ϕ respectively. The angular displacement dΩ 2 := dθ 2 + sin 2 θ dϕ 2 . The symmetry of the problem means that the unknown metric components g 00 and g 11 are functions that depend on the radial coordinate r only. In the limit where the speed of light c → ∞, the radial component of the geodesic equation (7) in these coordinates is given by:
The previous relation holds since we have used the following approximation for the weak field limit: ds = c dt, and so, due to the fact that the velocity v ≪ c then v i ≪ dx 0 /dt with v i := (dr/dt, rdθ/dt, r sin θ dϕ/dt). The lowest perturbation order of equation (9) is obtained when its left-hand side is of order v 2 /c 2 and when its right-hand side is of order g 00 = 1 + φ/c 2 [10] . Both are orders O(1/c
2 ) of the underlying theory, or simply O(2).
In this weak-field slow-motion approximation, a particle bounded to a circular orbit about the mass M experiences a centrifugal radial acceleration given by:
for a circular tangential velocity v. The motion of material and light particles at this lowest perturbation order is such that the metric components are given by [10, 11] :
where the superscript (p) denotes the order O(p) at which a particular quantity is approximated. The nonrelativistic potential φ is defined as [e.g 10, 12, 13]:
From equations (11) it follows that the contravariant metric components are given by:
At this level of approximation, the motion of nonrelativistic massive particles only requires knowledge of the metric component (2) g 00 . The motion of photons is fully determined by additionally knowing (2) g 11 [cf. 10].
III. TULLY-FISHER'S RELATIVISTIC CORRECTIONS
Let us take the radial component (9) of the geodesic equations (7) at the lowest relativistic perturbation order. In this limit, the rotation curve for test particles bound to a circular orbit about a mass M with circular velocity v is given by equation (10) and so:
Since we are interested in the behaviour of particles where the modified Kepler's third law (or Tully-Fisher law) holds, equation (2) can be written as:
Substitution of this equation on relation (14) yields:
which has a direct analytical solution:
where r ⋆ is an arbitrary length.
Having obtained the (2) g 00 component, which determines the non-relativistic motion of massive particles, we now proceed to obtain the (2) g 11 component. In the literature it is customary to define a new scalar potential ψ as:
in complete analogy with equation (12) . The introduction of this potential can be justified considering a more general scenario. Without requiring spherical symmetry, the spatial part of the metric can be written as g ik dx i dx k , with (0) g kl = δ kl being the Minkowskian part. The second order perturbation corrections of g kl could in principle involve other potentials (and not only φ or ψ). By a suitable choice of coordinates, one can get rid of the anisotropic contributions at the same perturbation order, which turns g kl into a diagonal form. Given the isotropy of space, there is no preferred direction and so (2) g ik ∝ δ ik . It is natural to expect that the leading order O(2) correction must be of the same order of magnitude as the gravitational potential φ. Accordingly g kl = 1 + 2γφ/c 2 δ kl , where γ is a proportionality constant, and so
Since spherical Schwarzschild coordinates are widely used in astrophysical literature, let us calculate the metric component g 11 in such coordinates. The conversion is straightforward since
for spherical isotropic coordinates (ct,r, θ, ϕ). Using equations (17) and (12) it follows that
and so,
at perturbation order O(2). This means that:
which yields:
As pointed out by Mendoza et al. [14] , recent observations have shown that gravitational lensing on individual [15] [16] [17] [18] [19] , groups [20] and clusters of galaxies [21, 22] can be modelled with the standard Schwarzschild solution of general relativity, assuming the existence of a total dark plus baryonic isothermal halo, where the TullyFisher law holds for the baryonic matter. As such, the bending angle of light can be calculated using the standard lensing equation, finding that it does not depend on the impact parameter and scales with the square root of the total baryonic mass. Under a modified theory of gravity scheme with no dark matter component, the bending angle has the same value and so, since the time metric component (2) g 00 is known from the Tully-Fisher law as shown in equation (17), then a reconstruction of the spatial metric component (2) g 11 can be made. The final result is that the gravitational potentials on this modified regime of gravity have the following values:
Comparison of this last equation with relations (23) and (17) yields:
We thus conclude that the relativistic structure of the underlying theory of gravity at individual, groups and cluster of galaxies scales is compatible with that found in the solar system, where γ = 1. The difference however, lies on the fact that the gravitational potential φ appearing in equation (19) is not the one associated with Kepler's third law, but the one inferred from the TullyFisher law.
IV. DISCUSSION
A number of independent astrophysical observations strongly support the view that the scale invariance of Newtonian gravity breaks down at scales that depend on the mass and characteristic sizes of the systems involved.
In the non-relativistic weak field limit of approximation, the behaviour of gravity is Newtonian, and the full relativistic theory that describes objects in this regime is general relativity. At the very weak field limit of approximation, sufficiently far from the masses that produce the gravitational field, Kepler's third law is modified through the Tully-Fisher law and the underlying relativistic theory in this regime is so far unknown.
We have explored some relativistic properties of this modified regime of gravity at the weak field limit of approximation, assuming that gravity is a geometrical phenomenon and that the Einstein Equivalence Principle holds. This is sufficient to build a model independent approach of the relativistic regime at second perturbation order O(2), in complete analogy to the one used at solar system scales where the dynamics are compatible with Einstein's general relativity. Using this modified Kepler's third law and lensing observations for individual, groups and clusters of galaxies, and interpreted in the way Mendoza et al. [14] did, we have shown that this relativistic approach is in exact compatibility with these observations. In isotropic coordinates, the non-relativistic gravitational potentials φ and ψ defined in equations (12) and (23) are proportional to each other, i.e. φ ∝ γψ, where γ is a Parametrised Post Newtonian Parameter in this new regime of gravity where Kepler's third law does not hold. As shown in this article, lensing observations require γ = 1, as in general relativity. Note that in spherical Schwarzschild coordinates both gravitational scalar potentials differ from each other as its evident from equations (25). For the case of Einstein's general relativity these potentials are coincidentally equal not only in isotropic coordinates, but also in spherical Schwarzschild coordinates.
As shown in this article, the bending of light in regions where the Tully-Fisher law is satisfied can be predicted at second order perturbation without knowledge of the underlying relativistic theory of gravity. This is fully consistent with Einstein's view on the geometrical nature of space-time and relativistic motion. Any viable extended relativistic theory of gravity should be in agreement with the light bending predictions discussed here. The proposal by Bernal et al. [23] with lensing applications detailed in Mendoza et al. [14] is an example of such kind of theory.
